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● Fröhlich Hamiltonian for a system of interacting electrons and phonons

2

Electron-phonon interaction: formalism

● Simplified solution: BCS reduced model 
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where

➔ Canonical transformation to the process of exchange of phonon between two electrons results in 

the effective Hamiltonian 

➔ From the Frohlich Hamiltonian to superconductivity: BCS theory

➔ Pair interaction – a pair of electrons exchange phonon and changes its momentum

BCS theory
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where

➔ Canonical transformation to the process of exchange of phonon between two electrons results in 

the effective Hamiltonian 

➔ From the Frohlich Hamiltonian to superconductivity: BCS theory

➔ Pair interaction – a pair of electrons exchange phonon and changes its momentum

➔ This is the starting point to BCS model, where interaction is assumed to be weak, k independent, 

attractive and limited to the small energies around the Fermi surface

➔ This leads to the electron pairing – electrons with opposite spins form a condensate of Cooper 

pairs, bounded with energy 2D, and gap opens in the electronic spectrum

➔ Condensate of pairs travels with no scattering at low T as the minimal energy is needed to break 

the pair. Thus current is conducted with no resistivity = superconductivity is induced.

BCS theory



● Gap equation
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➔ Critical temperature in the BCS model

● T = 0 K solution:

● D = 0 solution gives Tc:

● Tc depends on:

➔ Debye frequency (temperature) = predicts isotope effect – the same material but made of 

lighter and heavier isotope will have different (lighter → larger) Tc

➔ Interaction strength VN(EF) (rather as a product, not separately, but large N(EF) is usually 

favorable for superconductivity)

➔ BCS model explains the phenomenon of superconductivity but to make practical calculations for real 

materials with real electron-phonon spectra and interactions we have to go to Eliashberg theory 

BCS theory



1) Zero resistance

2) Diamagnetism

this defines the superconducting 

state

3) Anomaly in the specific heat: 

always for ‘classical’ superconductor

6

 fingerprints of superconductivity

● bcc type structure with random occupation
● type-II superconductor (Hc2 = 8.2 T)
● superconducting transition at Tc = 7.3 K
● specific heat jump:                                  (weak-coupling BCS: 1.43)

Ta0.34Nb0.33Hf0.08Zr0.14Ti0.11



1) Current flows and pair has too large extra kinetic energy (critical current density)

2) In the external magnetic filed spin is flip or the orbital cyclotron energy is too large (critical magnetic 

field, Pauli or orbital mechanism)

3) The temperature is too large (critical temperature)
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➔ Breaking the pairs in three ways

BCS theory
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➔ Gap from specific heat 

(exponential only at very low T) or tunneling

BCS theory

Cs ~ exp(-kT)
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➔ Isotope effect exponents 

are not necessarily 0.5 

BCS theory

➔ Specific heat jump at the transition

➔ Reduced gap magnitude

➔ Characteristic ratios predicted by BCS theory (if observed in experiment we expect el-ph interaction 

to be the pairing interaction + interaction is weak)

➔ Deviations e.g. in Pb and Pb-Bi alloys: DC/gTc ~ 3; 2D/kBTc ~ 5
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➔ What is missing in the BCS (reduced) model?

Beyond the BCS theory 

1) Frequency-dependent electron-phonon interaction with real phonon spectrum

2) Real electronic structure and non-spherical Fermi surface

3) Possibility of strong interactions

4) Multiband effects (more than 1 electronic band, many FS pockets)

5) Electron-electron (retarded) repulsion in the Cooper pair (depairing effect)

➔ More accurate treatment: numerical calculations of the electronic structure, 

phonons and electron-phonon interaction (Density Functional Theory) +

1)  Isotropic Eliashberg theory

2)  Anisotropic Eliashberg theory

3)  Density functional theory for superconductors



● Fröhlich Hamiltonian for a system of interacting electrons and phonons
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Electron-phonon interaction from ab-initio



● Fröhlich Hamiltonian for a system of interacting electrons and phonons
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➔ Key quantity: matrix element g

➔ Perturbation of potential is computed using Density Functional Perturbation Theory in Quantum Espresso 

Electron-phonon interaction from ab-initio
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➔ From g we get the more global quantities, like phonon linewidths 

phonons are emitted/absorbed by electrons so have a finite lifetime, Dt ~ 1/g, DtDE ~ ℏ

●        does not depend on w 

● Phonon linewidths are computed in QE and characterize a strength on el-ph interaction mediated by 

selected phonon

sum over all bands i,j + Fermi surface integral 

Electron-phonon interaction from ab-initio
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➔ From g we get the more global quantities, like phonon linewidths 

phonons are emitted/absorbed by electrons so have a finite lifetime, Dt ~ 1/g, DtDE ~ ℏ

●        does not depend on w 

● Phonon linewidths are computed in QE and characterize a strength on el-ph interaction mediated by 

selected phonon

sum over all bands i,j + Fermi surface integral 

➔ Visualization possible, using band shading 

linewidths here multiplied by 4. 
typically ~ 1-100 GHz 

CaBi2: S. Gołąb 
(Gutowska), 
B. Wiendlocha, PRB 2019

Electron-phonon interaction from ab-initio
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➔ l: Electronic specific heat renormalization 

➔ l ~ 0 – 2 (Nb ~ 1, strong coupling)

➔ Electron-phonon coupling parameter l – 

integration over all frequencies 

➔ Next more global quantity: Eliashberg function – summation over all phonons

➔ The same parameter l determines the value of superconducting transition 

temperature Tc in the “classical” superconductors (where superconductivity is 

due to the electron-phonon interaction)

Electron-phonon interaction from ab-initio
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Eliashberg theory & McMillan/ Allen-Dynes formulas
➔ Takes into account the real, frequency-dependent electron-phonon interaction, 

described by Eliashberg function (isotropic Eliashberg)

● self-consistent equations for the (isotropic) superconducting energy gap as a function of temperature

● allow to determine the thermodynamic properties of the superconducting phase

● pairing = electron-phonon interaction

● input – Eliashberg function from first-principles calculations

● depairing in the Coulomb pseudopotential parameter m* (retarded e-e repulsion, m* = 0.1 – 0.2)
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Eliashberg theory & McMillan/ Allen-Dynes formulas
➔ Takes into account the real, frequency-dependent electron-phonon interaction, 

described by Eliashberg function (isotropic Eliashberg)

● self-consistent equations for the (isotropic) superconducting energy gap as a function of temperature

● allow to determine the thermodynamic properties of the superconducting phase

● pairing = electron-phonon interaction

● input – Eliashberg function from first-principles calculations

● depairing in the Coulomb pseudopotential parameter m* (retarded e-e repulsion, m* = 0.1 – 0.2)

➔ Aproximate analytic solution for Tc: McMillan (1968), Allen & Dynes (1970)
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Eliashberg theory & McMillan/ Allen-Dynes formulas
➔ McMillan formula most often used to estimate l from Tc 

1) Measure Tc

2) Measure specific heat

3) Calculate TD

4) Estimate l from inverted McMillan formula 

assuming m* ~ 0.10 – 0.15 (0.13 most 

often)
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➔ Electron-phonon coupling parameter l affects the electronic specific heat (electrons seems 

to be “heavier”) - independent method of measuring l if combined with first-principles 

calculations of density of states at the Fermi level

CaBi2: calculated g0 = 2.59 mJ/mol K2

measured: 4.1 mJ/mol K2

renormalization: 4.1/2.59 = 1.58
lep = 0.58

Calculated from Tc and McMillan formula: 
lep = 0.53

Calculated from Eliashberg function: 0.54

‘bare’ bandstructure value:

renormalized by the electron-phonon interaction:

Electron-phonon interaction from experiment

➔ Electronic specific heat C = gT, g  - Sommerfeld coefficient 
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Superconductivity from ab initio

➔ Calculate electronic structure

➔ Calculate phonons and perturbation of potential 

➔ Calculate electron-phonon matrix elements

➔ Calculate Eliashberg function

➔ Calculate l 

➔ Calculate Tc and other thermodynamic properties of superconducting phase (specific heat, 

critical fields, magnetic penetration depth)

● Conclude on the mechanism of superconductivity (el-ph or not, isotropic/anisotropic)

● Investigate how it changes e.g. under pressure or with the isotope substitution

● Search for new superconductors

➔ Works very well in many various superconducting materials (including hydrogen-based high Tc high-

pressure materials!)

➔ Becomes difficult for large systems and alloys 

➔ We have some solution for alloys (simplified treatment via decoupling electrons from phonons)



● Phonon engineering and superconductivity in SrIr2 (Laves phase, superconductor)

Example
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➔ Crystal structure is closely related to metallic Ir fcc phase

➔ Half of Ir4 tetrahedrons are replaced by Sr, located in the middle of the removed tetrahedron

➔ Why is SrIr2 a strongly coupled superconductor with Tc =6 K, whereas Ir has Tc = 0.14 K?



Phonons: Ir vs SrIr2

22Bartłomiej Wiendlocha

➔ SrIr2: highest phonon mode is from Ir! 

➔ Mass: m(Ir) = 192 u, m(Sr) = 88 u but still Ir mode has a higher 

frequency



Phonons: Ir vs SrIr2

23Bartłomiej Wiendlocha

➔ SrIr2: highest phonon mode is from Ir! 

➔ Mass: m(Ir) = 192 u, m(Sr) = 88 u but still Ir mode has a higher 

frequency

animation:

Ir vibrates to the 

center of 

tetrahedron, 

“breathing 

mode”

../../../../konferencje/KKN2022/animation/moving_atoms.mp4


Phonons: Ir vs SrIr2

24Bartłomiej Wiendlocha

➔ SrIr2: acoustic and lower optical modes go down! 50% lower w

➔ Ir has more space around

animation:

Ir vibrates 

towards empty 

space after 

removing Ir 

tetrahedrons

../../../../konferencje/KKN2022/animation/moving_atoms2.mp4


Phonons: Ir vs SrIr2

Bartłomiej Wiendlocha

➔ Phonon DOS – increase in population of lower-frequency phonons

➔ average frequency of Ir goes down

fcc Ir

SrIr2

<wIr> = 
4.65 THz

<wIr> = 
2.96 THz

25



➔ SrIr2 partially keeps large linewidths but at much lower  w 

Bartłomiej Wiendlocha 26

Electron-phonon coupling: Ir vs SrIr2

➔ Ir has relatively large phonon linewidths but too high frequencies 

Ir SrIr2



Superconductivity: Ir vs SrIr2

Bartłomiej Wiendlocha 27

➔ l = 0.36

➔ Tc = 0.17 K

➔ l = 1.09

➔ Tc = 6.88 K 

Ir SrIr2

phonon 
engineering

large low-frequency contribution to l in SrIr2

specific heat in superconducting state by P. Wójcik



Anisotropy of the gap in Pb and Pb-Bi

Bartłomiej Wiendlocha 28

S. Gutowska, PhD thesis



Hydrogenated high-temperature superconductors

Bartłomiej Wiendlocha 29

➔ ‘Holy Grail’ of superconductivity: room-temperature superconductors

➔ 1968 – N. Ashcroft, suggestion that hydrogen @ high pressure (in metallic form) may be a high-

temperature superconductor. Small mass+pressure = high Debye temperature of 3500 K may give high Tc 

➔ high-temperature superconductors “cuprates”, first discovered in 1986 by Bednorz and Muller, have a 

record Tc of 138 K in (Hg0.8Tl0.2)Ba2Ca2Cu3O8.33 at ambient pressure and 164 K @ 30 GPa in 

HgBa2Cam−1CumO2m+2+δ 

➔ HTC – not the electron-phonon coupling mechanism. Commonly accepted theory is not yet 

formulated. These are strongly correlated materials with strong electronic interactions



Hydrogenated high-temperature superconductors

Bartłomiej Wiendlocha 30

➔ 2015 – discovery of superconductivity in H2S/H3S under extreme pressure 

➔ 203 K @ 150 GPa

(1GPa ~ 10 000 atm)

➔ Electron-phonon coupling and 

Eliashberg theory comes back!

➔ Predictions based on first-principles 

calculations were behind this 

discovery



Hydrogenated high-temperature superconductors

Bartłomiej Wiendlocha 31

➔ 2015 – discovery of superconductivity in H2S/H3S under extreme pressure



Hydrogenated high-temperature superconductors

Bartłomiej Wiendlocha 32

➔ 2015 – explanation using Eliashberg theory and first-principles calculations



Hydrogenated high-temperature superconductors

Bartłomiej Wiendlocha 33

➔ 2015 – explanation using Eliashberg theory and first-principles calculations



Hydrogenated high-temperature superconductors

Bartłomiej Wiendlocha 34

➔ since 2015 – search for high-pressure high-temperature superconductors: both 
experimental and based on calculations

➔ 2019 – LaH10 (experiment after calculations) Tc = 250 K @ 170 
Gpa (only -23 C !)



Hydrogenated high-temperature superconductors

Bartłomiej Wiendlocha 35

➔ since 2015 – search for high-pressure high-temperature superconductors: both 

experimental and based on calculations

➔ 2019 – LaH10 (experiment after calculations) Tc = 250 K @ 170 Gpa (only -23 C !)

➔ 2020 - carbonaceous sulfur hydride Tc = 287 K @ 267 Gpa. Retracted 

➔ 2023 – N-doped lutetium hydride Tc 

= 294 K at 10 kbar (“only” 1 Gpa!) 

Retracted 

This article was retracted on 07 November 
2023

https://doi.org/10.1038/s41586-023-06774-2


Hydrogenated high-temperature superconductors

Bartłomiej Wiendlocha 36

➔ 2023 – “LK99” - claim of superconductivity with Tc ~ 400 K at ambient pressure

➔ Unfortunately not 

confirmed by other 

experiments and theory



Summary 

Bartłomiej Wiendlocha 37

➔ Cooper pairs are formed in all superconductors

➔ Pairing mechanism in ‘classical’ superconductors is the electron-phonon interaction

➔ BCS theory explains superconductivity in case of el-ph 

coupling

➔ Eliashberg theory takes into account frequency-dependent 

and retarded nature of el-ph interaction and agrees 

quantitatively with experiment 

➔ Anisotropy of interaction can be also taken into account

➔ high-temperature superconductors (cuprates) – pairing 

due to electronic correlations, no unified theory 

➔ high-temperature-high pressure hydrites – pairing by 

phonons with Tc approaching the room temperature

what’s wrong in this picture?
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